
theorem: (termination) T h e Euclidean

a lgor i thm , applied t o

i n t e g e r s o n a n d n ,
t e rm i n a t e s

i n god ( M i n ) .

proof: L e t m e q - ,
a nd n = q o .

I n general, w e h a v e

t h e n .

T h e process
t e rm i n a t e s w i t h

M e w h e r e

h e - 1 = 9 e t ,
h e

'



Rewrite t h e equation a s

A n
= n u - a

- 94 Nk-1

Observe t h a t ,
w i t h

Q u = [O
I

l
-en],

ci.im:::'
= [nu-ina.-aunty:')



No t e t h a t d e t (Qu) = - I
,

s o Qvc i s i n v e r t i b l e , w i t h

inverse [94
/
o"].

Starting w i t h

[ is:[ i :3,
Q . (Tn):[Ii)

Qa (non)-(Tna), s o



QaQi[I]:[I] .
A f t e r L t l s t e p s , w e get

QetiQe''- Q , Q, [2) =[of].

Each Qu for 1 4 4 E l t has

i n t e g e r e n t r i e s ,
s o any product

o f Qa's h a s i n t e g e r e n t r i e s .

I n particular, i f

Q = Q e H Q e - - - Q a Q , ,



t h e n Q h a s i n t e g e r e n t r i e s ,

Q = [ { by]
w i t h a , b , c .DEZ .

Q (F)-[one]
-

[aca'][nite:]
[anthoncontdn):[I],
s o h e

= a m t b h E I (m i n ) .



But s i n c e Q , i s invertible w i t h

de te rm inan t
- l f o r a l l 146414,

def ( Q ) : d e t (Qa, Qe--QaQi)

= detlQetidettQe)...
dettQddetta)

=L-lie".

Therefore, Q i s invertible, and

t h e i n v e r s e i s

a - ' i c-yet'[d -b],
- c a



s i n c e

Q [ n i c e ] ,
applying Q." o n the le f t gives

[ i t o i l ; )

[2) = the"f! I ] [ "of

[2) tenet'f%:)

Since n a nd n a r e n o n z e r o integers,

D I O and C t o .



The re fo re ,

m =
f i let'd n e

n , the" C-che) ,

w h i c h implies

h e Im and h e / n .

S o w e h a v e : h e l m , n e la

a nd n e G I
(mm).

B y a previous lemma,

h e . = gallon,
a l . D



( I r i s : Le t m i n e 2 , m t o t n and

l e t D = g o d ( m i n ) . T h e n

1 ) d i s t h e least e l e m e n t i n

I N n I l m i n )

2 ) I c o n , n ) :
d 2

= { d u f k£2 } .

proof'. 1 ) We already k n o w t h a t

D E I ( m m ) .
Since d lm and

o l l a , w e k n ow d divides

e v e r y e l emen t o f I l a n , n ) .



T h i s impl ies t h a t i f a E l N n I l m , n ) ,

t h e n o l l a ⇒ D E A
,
s o

d i s the least element o f I ( m i n ) .

2 ) B y 1 )
,

w e k n o w t h a t

i f a f I C m i n l , then d ) a ,

s o I l m i n ) E D R .

But s i n c e D E I (min),

w e c a n wr i t e

D = t e n t b n fo r t ,bE2 ,

and s o i f K E I s

dh=(kt)mt ( k b ) nEICmin).
A



Definition: (relat ively prime) Let m,nE2,

M ¥ 0 I n . W e s a y n a n d

n a r e r e l a t i ve l y prime i f

gcd(min) = I .



*Corollary? I f n , n
E Z , m t O t n . T h e n

-

n a n d n a r e r e l a t i v e l y prime

i f a n d on l y i f F a ,bE2

1=amtb¢

proof'. ⇒ Suppose n
a n d n a r e

re l a t i ve l y pr ime. T h e n

f - god (Min )
E I Cm,n ) ,

s o F a , b E R w i t h

I = a m t b h .

.



⇐ suppose F a , b E 2 ,

I = a m t b h .

T h e n I E I ( m m ) .

B u t D= god ( m m ) , w e

k n o w t h a t d i s t h e

leas t e l em e n t i n

I N n I C m i n ) ,
wh i c h

implies D = l .

O



Example-l: A r e 6 0 9 9 7 and 5 1 3 4 3

re l a t i ve l y prime? w r i t e

t h e i r god a s a l i n e a r

combination o f i n tege r s ,

so lu t ion'. S t a r t t h e Euclidean Algorithm!

m = 6 0 9 9 7 , n i 5 1 3 4 3

Qi-[Ya't] 60997=1 ' 5 1343+9654

51343=5.9654+3073
Qs:[9¥]

9654=3-3073 t 4 3 5

Q,:[913]



Qu:[9.4] 3073=7-935 t 2 8

Qs:[9 115] 9 3 5 = 1 5 . 2 8
t 1 5

016=[9-4] 28=145 t 13

Qt:[Y.!]
15= 1 3 . 1 t 2

13=2-G t I

QQ:[9-'67 2=2-①
Qa : [ 9 -I] relatively prime!

( f ) = Q -
[6099751343]

Q =
[23842

28325]

5 1 3 4 3
- 6 0 9 97


